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Abstract General field theories are considered, within the functional differential formalism
of quantum field theory, with interaction Lagrangian densities LI (x;λ), with λ a generic
coupling constant, such that the following expression ∂LI (x;λ)/∂λ may be expressed as
quadratic functions in dependent fields but may, in general, be arbitrary functions of inde-
pendent fields. These necessarily include, as special cases, present renormalizable gauge
theories. It is shown, in a unified manner, that the vacuum-to-vacuum transition amplitude
(the generating functional) may be explicitly derived in functional differential form which, in
general, leads to modifications to computational rules by including such factors as Faddeev–
Popov ones and modifications thereof which are explicitly obtained. The derivation is given
in the presence of external sources and does not rely on any symmetry and invariance argu-
ments as is often done in gauge theories and no appeal is made to path integrals.

Keywords Functional differential formalism of quantum field theory · Dependent fields ·
Action principle · Quantization rules · Gauge theories

1 Introduction

The purpose of this communication is to investigate systematically, in a unified manner,
within the functional differential formalism of quantum field theory [1–13], field theories
with interaction Lagrangian densities LI (x;λ), with λ a generic coupling constant, such
that ∂LI (x;λ)/∂λ may be expressed as quadratic functions in dependent fields and, in gen-
eral, as arbitrary functions of independent fields. These include, as special cases, present
renormalizable gauge field theories. For example, the non-abelian ones, such as QCD, are
quadratic, while QED is linear in dependent fields. The functional differential treatment ne-
cessitates the introduction of external sources in order to generate the vacuum-to-vacuum
transition amplitude, as a generating functional, from which amplitudes for basic processes
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may be extracted. The novelty of this work is that we show that for all the general La-
grangians, mentioned above, the vacuum-to-vacuum transition amplitude may be explicitly
derived in functional differential form, in a unified manner, leading to modifications of com-
putational rules by including such factors as Faddeev–Popov ones [14, 15] and modifications
thereof. The derivation is given in the presence of external sources, without recourse to path
integrals, and without relying on any symmetry and invariance arguments. There has also
been a renewed interest in Schwinger’s action principle recently (see, e.g., [16–18]) empha-
sizing, in general, however, operator aspects of a theory, as deriving, for example, commu-
tation relations, rather than dealing with computational ones related directly to generating
functionals as done here.

2 General Class of Lagrangians

Consider Lagrangian densities which may depend on one or more coupling constants. We
scale these couplings by a parameter λ which is eventually set equal to one. The resulting
Lagrangian densities will be denoted by L(x;λ). The class of Lagrangian densities consid-
ered are of the following types

L(x;λ) = L(x;0) + LI (x;λ) + J i
1(x)χi(x) + J

j

2 (x)ηj (x) (1)

where χi(x) and ηj (x) are independent and dependent fields, respectively. J i
1(x), J

j

2 (x)

are external sources coupled to these respective fields. The interaction Lagrangian densities
sought are of the following forms

LI (x;λ) = B(x;λ) + Bj(x;λ)ηj (x) + 1

2
Bjk(x;λ)ηj (x)ηk(x) (2)

with LI (x;0) = 0, where ∂B(x;λ)/∂λ, ∂Bj (x;λ)/∂λ, ∂Bjk(x;λ)/∂λ = ∂Bkj (x;λ)/∂λ

may be expressed in terms of the independent fields, and the latter two may involve
space derivatives applied to the dependent fields ηj (x). By definition, the canonical con-
jugate momenta of the fields ηj (x) vanish. That is, formally, ∂L(x;λ)/∂(∂0ηj (x)) = 0. Let
∂L(x;0)/∂ηj (x) = Ajk(x)ηk(x). The constraint equation of the dependent fields ηk(x) fol-
low from (1, 2) to be

Mjk(x;λ)ηk(x) = −[Bj(x;λ) + J
j

2 (x)] (3)

where

Mjk(x;λ) = Ajk(x) + Bjk(x;λ) (4)

Let Djk(x, x ′;λ) denote the Green operator function satisfying

Mij (x;λ)Djk(x, x ′;λ) = δi
kδ

4(x, x ′) (5)

From (3), this leads to

ηj (x) = −
∫

(dx ′)Djk(x, x ′;λ)[Bk(x ′;λ) + J k
2 (x ′)] (6)

giving a constraint which is explicit source J k
2 -dependent, and is also a function of the inde-

pendent fields.
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Let |0∓〉 denote the vacuum states of a theory before/after the external are switched
on/off, respectively. We are interested in the variation of the vacuum-to-vacuum transition
amplitude 〈0+|0−〉, governed by the Lagrangian density L(x;λ) in (1), with respect to the
parameter λ as well as the external sources J i

1(x), J j

2 (x). To this end, we invoke the quantum
dynamical principle which states (see, e.g., [7–10, 12, 13])

∂

∂λ
〈0+|0−〉 = i 〈0+|

∫
(dx)

∂

∂λ
LI (x;λ) |0−〉 (7)

(−i)
δ

δJ i
1(x)

〈0+|0−〉 = 〈0+|χi(x) |0−〉 (8)

(−i)
δ

δJ
j

2 (x)
〈0+|0−〉 = 〈0+|ηj (x) |0−〉 (9)

Consider the matrix element 〈0+|F(x;λ,J1, J2) |0−〉 of an operator which is not only a
function of the independent fields but which may also have an explicit dependence on λ and
the external sources J i

1 , J
j

2 . An explicit λ, J
j

2 dependence may occur, for example, when
the dependent fields ηj (x) are expressed in terms of the independent fields and J

j

2 as given
in (6).

The quantum dynamical principle, in particular, then states (see [11–13]) that

(−i)
δ

δJ
j

2 (x ′)
〈0+|F(x;λ,J1, J2) |0−〉

= 〈0+| (F (x;λ,J1, J2)ηj (x
′))+ |0−〉 − i 〈0+| δ

δJ
j

2 (x ′)
F (x;λ,J1, J2) |0−〉 (10)

where (. . .)+ denotes the time-ordered product, and the functional derivative, with respect
to J

j

2 (x ′), in the second term on the right-hand side of (10), is applied to the explicit
J2-dependent term (if any) that occurs in F .

Let ∂B ′j (x;λ)/∂λ denote ∂Bj (x;λ)/∂λ with the fields χi(x) in the latter replaced by
the functional derivatives (−i)δ/δJ i(x). From (8–10), we then have

(−i)
δ

δJ k
2 (x ′)

∂

∂λ
B ′j (x;λ) 〈0+|0−〉 = 〈0+|

(
∂

∂λ
Bj (x;λ)ηk(x

′)
)

+
|0−〉 (11)

where we have used the fact that ∂Bj (x;λ)/∂λ is expressed in terms of the independent
fields and has no explicit J k

2 -dependence, and hence the second term on the right-hand side
of (10) is zero for this corresponding case.

On the other hand, (10) also gives

(−i)
δ

δJ
j

2 (x ′′)
(−i)

δ

δJ k
2 (x ′)

∂

∂λ
B ′jk(x;λ) 〈0+|0−〉

= 〈0+|
(

∂

∂λ
Bjk(x;λ)ηj (x

′′)ηk(x
′)
)

+
|0−〉 − i 〈0+|

(
∂

∂λ
Bjk(x;λ)

δ

δJ
j

2 (x ′′)
ηk(x

′)
)

+
|0−〉
(12)

where from (6),

δ

δJ
j

2 (x ′′)
ηk(x

′) = −Dkj (x
′, x ′′;λ) (13)
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Hence the second term on the right-hand side of (12) is simply

+i
∂

∂λ
B ′jk(x;λ) D′

kj (x
′, x ′′;λ) 〈0+|0−〉 (14)

with D′
kj (x

′, x ′′;λ) denoting Dkj (x
′, x ′′;λ) with the fields χi(x) replaced by (−i)δ/δJ i

1(x).
All told, we may solve for 〈0+| ∂LI (x;λ)/∂λ |0−〉 in terms of functional derivatives, with

respect to the external sources, as applied to 〈0+|0−〉 directly from (2, 7, 11–14) to obtain

∂

∂λ
〈0+|0−〉 =

[
i
∫

(dx)
∂

∂λ
L′(x;λ)

+ 1

2

∫
(dx)

(
∂

∂λ
B ′jk(x;λ)

)
D′

kj (x, x;λ)

]
〈0+|0−〉 (15)

where L′
I (x;λ) denotes LI (x;λ) with χi(x), ηj (x) replaced in the latter by (−i)δ/δJ i

1(x),
(−i)δ/δJ

j

2 (x), respectively.
Upon integrating (15) over λ from 0 to 1, gives

〈0+|0−〉 = exp

(
i
∫

(dx)L′
I (x)

)

× exp

[
1

2

∫
(dx)

∫ 1

0
dλ

(
∂

∂λ
B ′jk(x;λ)

)
D′

kj (x, x;λ)

]
〈0+|0−〉0 (16)

where 〈0+|0−〉0 is governed by the Lagrangian density [L(x;0)+J i
1(x)χi(x)+J

j

2 (x)ηj (x)]
in (1), and L′

I (x) ≡ L′
I (x;0), with the latter defined below (15).

Equation (16) provides the solution for the generating functional 〈0+|0−〉 in the pres-
ence of external sources. We thus see that for interaction Lagrangian densities such that
∂LI (x;λ)/∂λ are quadratic in dependent fields (∂Bjk(x;λ)/∂λ �= 0), as described above,
the rules for computations, via the generating functional 〈0+|0−〉 are modified by the pres-
ence of the multiplicative functional differential operator factor

exp

[
1

2

∫
(dx)

∫ 1

0
dλ

(
∂

∂λ
B ′jk(x;λ)

)
D′

kj (x, x;λ)

]
(17)

As special cases of the general Lagrangians described through (1) and developed above,
consider non-abelian gauge theories with Lagrangian densities

L = L + LS (18)

L = −1

4
Ga

μνG
μν
a + 1

2i

[
∂μψ̄γ μψ − ψ̄γ μ∂μψ

] − moψ̄ψ + goψ̄γμAμψ (19)

LS = ρ̄ψ + ψ̄ρ + Jμ
a Aa

μ (20)

Aμ = Aa
μta, Gμν = ∂μAν − ∂νAμ − igo[Aμ,Aν] (21)

Gμν = Ga
μνta (22)

Ga
μν = ∂μAa

ν − ∂νA
a
μ + gof

abcAb
μAc

ν (23)
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The ta matrices are generators of the underlying algebra, and the f abc , totally anti-
symmetric, are the structure constants satisfying the Jacobi identity [ta, tb] = if abctc . LS is
the source term with the Jμ

a classical functions, while ρ, ρ̄ are so-called anti-commuting
Grassmann variables.

Upon setting

∇ab
μ = δab∂μ + gof

acbAc
μ (24)

working in the Coulomb gauge ∂iA
i
a = 0, i = 1,2,3, and introducing the Green operator

function Dcd(x, x ′;go), satisfying

[δac∂2 + gof
abcAb

k∂k]Dcd(x, x ′;go) = δ4(x, x ′)δad (25)

k = 1,2,3, one may solve for Gk0
a (see [11]) as follows

Gk0
a = −∂kDabJ

0
b + Fk

a (26)

in a matrix notation, where Fk
a is not an explicit function of the dependent fields and of the

external sources. From the very definition of Gk0
a in (23), we also have

∂kG
k0
a = ∇ab

k ∂kA
0
b

= [δab∂2 + gof
acbAc

k∂k]A0
b (27)

Hence we may solve for A0
b to obtain

A0
b = −Dbc∂

2DcaJ
0
a + Kb (28)

where Kb is not an explicit function of the external sources.
Now we show that the time derivative ∂0A

k
b may be solved in terms of A0

c and the inde-
pendent fields themselves. To this end, we note that

∂0Ak
a = ∇k

abA
0
b − Gk0

a (29)

and from (28)

DcaJ
0
a = −

[
δca + 1

∂2 f cdaAd
k ∂k

]
(A0

a − Ka) (30)

Accordingly, (29, 30) and (26) lead to

∂0Ak
a = gof

acb

[
Ak

c

∂l

∂2 − ∂k

∂2 Al
c

]
∂lA

0
b + Lk

a (31)

where Lk
a has no explicit dependence on the external sources and on the dependent fields A0

b .
Finally we note that

∂

∂go

LI = −f abcAb
k

(
Ac

0G
k0
a + 1

2
Ac

l G
kl
a

)
+ ψ̄γ μAμψ (32)

From the definition of Gk0
a in (23), and the fact that ∂0Ak

a may be expressed in terms of the
A0

b , as shown in (31), and the independent fields themselves, we see that (32) is quadratic in
the dependent fields A0

b .
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The structure Gk0
a in (23) may be expressed, from (31), as a linear function of the depen-

dent fields A0
a , and directly from (26) we have

δ

δJ ν
b

Gk0
a (x) = −δ0

ν ∂kDab(x, x ′;go) (33)

Hence (7–12, 32, 33) give

∂

∂go

〈0+|0−〉 =
[

i
∫

(dx)
∂

∂go

L′
I (x;go)

−
∫

(dx)f bcaAb
k(x)D′ac(x, x;go)

]
〈0+|0−〉 (34)

where A′b
k (x) = (−i)δ/δJ k

b (x). Upon using the definition of Dac(x, x ′, go) in (25), and in-
tegrating (34) over go, we obtain the modifying Faddeev–Popov multiplicative factor

exp Tr ln

[
1 − igo

1

∂2 A′
k∂

k

]
(35)

as a special case of (17), where

Tr[f ] ≡
∫

(dx)f aa(x, x) (36)

The general derivation given above for interaction Lagrangian densities such that
∂LI (x;λ)/∂λ may be expressed as quadratic functions in dependent fields involves no sym-
metry arguments. As a matter of fact, we may consider the addition of a gauge-invariant
breaking term (g1/2)Aμ

a Aa
μψ̄ψ to the Lagrangian density in (19) which is again quadratic

in A0
a and presumably contributes to the generation of masses to the vector fields through a

non-vanishing expectation value of ψ̄ψ . A detailed analysis shows (see [11]) that the mod-
ifying extra multiplicative factor to exp(i

∫
(dx)L′

I (x)) 〈0+|0−〉 |0 occurring in 〈0+|0−〉 is
given by

exp

[
−1

2
Tr ln

(
1 + g1

∇′
l ∂l(∂

2)−1∇′
k∂k

ψ̄ ′ψ ′
)]

× exp Tr ln

(
1 − igo

1

∂2 A′
k∂k

)
(37)

where ψ̄ ′ = (−i)δ/δρ, ψ ′ = (−i)δ/δρ̄, and L′
I is the new interaction Lagrangian density

functional differential operator expressed in terms of functional derivatives with respect to
the external sources.

3 Conclusion

We have seen, within the functional differential formalism of quantum field theory in
the presence of external sources, that interaction Lagrangian densities LI (x;λ) such
that ∂LI (x;λ)/∂λ may be expressed as quadratic functions of dependent fields (i.e.,
∂Bjk(x;λ)/∂λ �= 0 in (2)) and arbitrary functions of independent fields, necessarily lead
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to modifications of the rules for computations, via the generating functional 〈0+|0−〉 as a
functional of the external sources which are coupled to the fields, and no appeal was made,
through the analysis, to path integrals. The general expression for such a modification is
given in (17) as a functional differential operator occurring as a multiplicative factor in
〈0+|0−〉. Such Lagrangians play central roles in fundamental physics and present renormal-
izable gauge theories fall into this category. It is important, however, to emphasize that such
modifications are not tied up to non-abelian gauge theories, through the emergence of so-
called Faddeev–Popov factors, as one might naively expect, but apply to theories which, in
general, are quadratic functions in dependent fields as described above. As a matter of fact
the addition of a gauge term breaking term in the form (g1/2)AμAμψ̄ψ to the interaction
Lagrangian density of QED (abelian gauge theory), which is again quadratic in A0, leads,
according to (37), the following extra functional differential multiplicative factor

exp

[
−1

2
Tr ln

(
1 + g1

∂2 ψ̄ ′ψ ′
)]

(38)

multiplying exp[i ∫ (dx)L′
I (x)] 〈0+|0−〉0, where L′

I (x) is the new interaction Lagrangian
density functional differential operator including the additional term just mentioned as a
simplified version of (37). That is, a non-trivial modification arises even for such an abelian
gauge theory. The technical question now arises as to what happens to model Lagrangian
densities that one may set up which are cubic or of higher order in dependent fields in the
sense investigated above. The main complication with such theories becomes obvious by
noting that the corresponding Green function operator function to the one in (5) will now
depend on dependent fields themselves. Accordingly, when we apply the corresponding rule
in (12) for finally expressing the matrix element 〈0+| (∂LI /∂λ) |0−〉, as a functional differ-
ential operator, with respect to the external sources, to be eventually applied to 〈0+|0−〉,
the expression δηk(x

′)/δJ
j

2 (x ′′) will again depend, rather non-trivially, on the dependent
fields ηj (x). This makes the procedure of expressing the matrix element just mentioned as
a functional differential operation to be applied to 〈0+|0−〉 quite unmanageable. Such field
theories require very special tools and will be investigated, within the functional differential
formalism, in a subsequent report.
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